
Math 1A: Homework 6

Due: July 30

1. Sketch the graphs of the following functions. Ensure that your work includes:

• Domain

• Intercepts

• Symmetry

• Asymptotes and End-behaviour

• Intervals of Increase/Decrease/Local Max/Min

• Concavity and Inflection Points

(a) f(x) = (1− x)e−x.

(b) f(x) = x
√

8− x2.
(c) f(x) = tan−1

(
x−1
x+1

)
.

(d) f(x) = x− 2 sin(x) for −2π ≤ x ≤ 3π.

(e) f(x) = ln(sin(x)).

(f) f(x) =
√
x2 + x− x.

2. Evaluate the following limits.

(a) limx→0 x
x2

.

(b) limx→0+ sin(x) ln(x).

(c) limx→∞
x2+7

3x2−cos2(5x) .

(d) limx→0
sinh(x)−x

x3 .

(e) limx→∞
(
1 + a

x

)bx
.

3. Find the dimensions of the lightest open-top cylindrical can that will hold a volume of
1000 cm3.

4. The U.S. Postal Service (USPS) accepts a parcel for shipment only if the sum of
its length and girth (distance around the middle) does not exceed 275 cm. What
dimensions will give a square-ended-box the largest possible volume?
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5. A window is in the form of a rectangle surmounted by a semicircle. The rectangle is of
clear glass, whereas the semicircle is of tinted glass that transmits only half as much
light per unit area as clear glass does. The total perimeter is fixed at 6 m. Find the
proportions of the window that will admit the most light.

6. The coastline in Torquay runs east-to-west. Basil, a coastguard 100 m north of the
coastline, spots a swimmer Manuel in need of assistance. At that time, Manuel is 400
m south-east of Basil. Given that Basil can run at 8 m/s and swim at 5 m/s, chart
the most efficient course for Basil.

7. (a) Let f(x) = x2+1
x

for x > 0. Find the absolute minimum of f .

(b) Prove that if a, b, c are positive real numbers, then

(1 + a2)(1 + b2)(1 + c2) ≥ 8abc.

8. When we cough, the trachea (windpipe) contracts to increase the velocity of the air
going out. This raises the questions of how much it should contract to maximize the
velocity and whether it really contracts that much when we cough.

Under reasonable assumptions about the elasticity of the tracheal wall and about how
the air near the wall is slowed by friction, the average flow velocity v (in cm/s) can be
modeled by the equation

v = c(r0 − r)r2,
r0
2
≤ r ≤ r0

where r0 is the rest radius of the trachea in centimeters and c is a positive constant
whose value depends in part on the length of the trachea. Show that v is greatest when
r = 2

3
r0.
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